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Outline
• Lattice : Theory and Computation 
• Achievements and Opportunities 

– Spectrum of QCD 
– The structure of hadrons 
– The NN Interaction 
– (Polarizabilities) 
– (Isospin breaking) 
– (Fundamental Symmetries) 
– ……. 

• Initiatives and Resources



Lattice QCD
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The Spectrum of QCD
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Low-lying Hadron Spectrum

Control over: 
•  Quark-mass dependence 
•  Continuum extrapolation 
•  finite-volume effects 

(pions, resonances)

Durr et al., BMW 
Collaboration

Science 2008

Benchmark of LQCD



Spectroscopy: Isoscalar Meson Spectrum
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J. Dudek et al., PRD73, 11502

Dudek et al, arXiv:1309.2608, arXiv:0909.0200

“A key part of the 12-GeV physics program at Jefferson Lab is the ability to produce these exotic hybrid mesons using photon 
beams, which is expected to generate unprecedented numbers of these particles. The GlueX experiment in the new Hall-D is 
poised to carry out this program using a detector designed to tackle just this problem. The GlueX experimental program is 
coupled with both detailed lattice QCD predictions and the strong support of the Jefferson Lab theory center in analyzing and 
interpreting the expected new data. This puts the U.S. in a unique position to explore this important new science made possible 
by the 12 GeV CEBAF Upgrade.... ”

Report to NSAC: Implementing the 2007 LRP



Excited Baryon Spectrum
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Broad features of SU(6)xO(3) 
symmetry. 
Counting of states consistent 
with NR quark model. 
Inconsistent with quark-diquark 
picture or parity doubling.

[70,1-] [70,1-] 

[56,0+] 

[56,0+] 

N 1/2+ sector: need for complete basis to 
faithfully extract states

[70, 0+], [56, 2+], [70, 2+], [20, 1+]



What we have learned…..
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Subtract ρ Subtract N

Common mechanism in meson and baryon hybrids: chromomagnetic 
field with Eg ∼ 1.2 - 1.3 GeV 
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Resonant I = 1 ππ Phase Shift
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Dudek, Edwards, Thomas, Phys. Rev. D 87, 034505 (2013)

Feng, Renner, Jansen, PRD83, 094505 
PACS-CS, PRD84, 094505 
Alexandru et al 
Lang et al., PRD84, 054503 

Future Opportunities - I

Matrix in l

det
h
e2i�(k) �U�
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= 0

lattice irrep

Luescher: energy levels at finite volume ↔ phase shift at corresponding k
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Future Opportunities - II
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Lattice QCD will predict results before or during GlueX 

First lattice calculations of inelastic channels

Dudek, Edwards, Thomas, Wilson, PRL (in press)

Extend to inelastic channels: Guo et al, Briceno et al., 
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Singularities complex plane…



Meson photoproduction

pp p

⇡
�

pp p

⇡
N⇤

p

⇡
⇢

⇡⇡

QED

Recent developments to make lattice QCD calculation possible: 

 Briceño [JLab], Hansen & Walker-Loud [JLab/W&M] (2014) 

 Agadjanov,Bernard, Meißner & Rusetsky (2014)

R. Gothe



The Structure of Hadrons
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Wigner distributions5D

1D

3D

Three-Dimensional Imaging



Isovector Charge Radius

Precision Calculations of the 
Fundamental Quantities in 
Nuclear Physics - at physical 
quark masses

Green et al, arXiv:1404.40
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Origin of Nucleon Spin

HERMES (2007)
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• Total orbital angular momentum carried by quarks small 
• Orbital angular momentum carried by individual quark flavors substantial.

LHPC, Haegler et al., Phys. Rev. D 77, 
094502 (2008); D82, 094502 (2010)
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Origin of Nucleon Spin - II



Parametrizations of GPDs

Comparison with Diehl et al, 
hep-ph/0408173

Provide phenomenological guidance for 
GPD’s	


–  CTEQ, Nucleon Form Factors, 

Regge 

Important Role for LQCD



time

incoming electr
on

incoming proton

fragmenting proton remnant

hadronizing quark

jet of hadrons

jet of hadrons

pick a hadron and measure its momentum

Ph

final state 
interactions

Bernhard Musch 2011

   Transverse momentum distributions (TMDs) 

final state interactions! 
explain large asymmetries otherwise forbidden!	



signature of QCD! 

from experiment, e.g., SIDIS (semi-inclusive deep inelastic scattering) + DY

HERMES,  COMPASS,  JLab 12 GeV , RHIC-spin, EIC, DY

19



�� =

Z
d(n · k)

Z
d4l

2(2⇡)4
e�ik·l�̃�(l;P, S)

=

Z
d(n · k)

Z
d4l

2(2⇡)4
e�ik·lhP, S | q̄(l)�Uq(0) | P, Si

TMDs in Lattice QCD

TUM/T39-09-08, MIT-CTP 4056

Intrinsic quark transverse momentum in the nucleon from lattice QCD

Ph. Hägler,1 B.U. Musch,1 J.W. Negele,2 and A. Schäfer3
1
Institut für Theoretische Physik T39, Physik-Department der TU München, 85747 Garching, Germany

⇤

2
Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

3
Institut für Theoretische Physik, Universität Regensburg, 93040 Regensburg, Germany

(Dated: December 22, 2009)

A better understanding of transverse momentum (k?-) dependent quark distributions in a hadron
is needed to interpret several experimentally observed large angular asymmetries and to clarify the
fundamental role of gauge links in non-abelian gauge theories. Based on manifestly non-local gauge
invariant quark operators we introduce process-independent k?-distributions and study their prop-
erties in lattice QCD. We find that the longitudinal and transverse momentum dependence approx-
imately factorizes, in contrast to the behavior of generalized parton distributions. The resulting
quark k?-probability densities for the nucleon show characteristic dipole deformations due to cor-
relations between intrinsic k? and the quark or nucleon spin. Our lattice calculations are based on
Nf=2+1 mixed action propagators of the LHP collaboration.

Introduction.— Already 30 years ago, it has been
noted that intrinsic transverse momentum, k?, of par-
tons gives rise to azimuthal asymmetries in unpolarized
semi-inclusive deep inelastic scattering (SIDIS), for ex-
ample e�+p⇤e�+⇤+X, nowadays known as the Cahn
e⌅ect [1]. Since then, significant progress has been made
in understanding intrinsic k? e⌅ects and their relation
to the eikonal phases that quark fields acquire in hadron
scattering processes due to initial and final state inter-
actions [2]. The eikonal phases, given by gauge links
(Wilson lines), turn out to be process-dependent and lead
to, e.g., the Sivers and Collins asymmetries [3, 4] in po-
larized SIDIS, which have attracted a lot of attention
and were already observed in experiments at HERMES,
COMPASS and Je⌅erson Lab [5]. Theoretically, these

⊥k
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d

zP

z

zxP

u

yk

xk

FIG. 1: Illustration
of the transverse mo-
mentum distribution of
quarks in the proton.

can be described in the
framework of QCD factoriza-
tion using transverse momen-
tum dependent parton distri-
bution functions (tmdPDFs)
[4, 6], an approach that goes
beyond the usual collinear
approximation and operator
product expansion involving
(moments of) PDFs. In addi-
tion to their phenomenolog-
ical importance, tmdPDFs
provide essential information
about the internal structure
of hadrons in the form of
probability densities in the transverse momentum plane,
⌅(x,k?), as illustrated in Fig. 1 [7], where x is the lon-
gitudinal momentum fraction carried by the quark.

In this work, we introduce process-independent k?-
distributions and calculate these in lattice QCD. We il-
lustrate our results by presenting k?-densities of quarks
in the nucleon, with a focus on possible correlations be-
tween k? and the transverse quark and nucleon spins,
resulting in deformations from a spherically symmetric

distribution. It is interesting to compare this approach
with generalized parton distributions (GPDs) in impact
parameter (b?-) space [8], which allows one to study the
spatial distribution of partons in hadrons in form of prob-
ability densities ⌅(x, b?) [9]. Lattice QCD studies of the
latter revealed characteristic non-spherical shapes of the
pion and the nucleon in the case of transversely polar-
ized quarks [10, 11]. We stress, however, that tmdPDFs
and GPDs provide fundamentally di⌅erent and comple-
mentary insight into hadron structure, since they are not
related by Fourier transformation and k? and b? are not
conjugate variables.

To introduce the di⌅erent tmdPDFs, we first define the
momentum-space correlators ⇤�=⇤�(x, k?;P, S),

⇤� =
�

d(n̄·k)
�

d4l

2(2⇤)4
e�ik·l⇥⇤�(l;P, S)

=
�

d(n̄·k)
�

d4l

2(2⇤)4
e�ik·l⇧P, S|q̄(l)�Uq(0)|P, S⌃ .(1)

with nucleon states |P, S⌃ depending on momentum and
spin, and where the Wilson line U=UC(l,0), defined by a
path ordered exponential, ensures gauge invariance of the
non-local quark operator q̄(l) . . . q(0). For the vector (un-
polarized), �µ

V =�µ, axial-vector (polarized), �µ
A=�µ�5,

and tensor (quark helicity flip), �µ⇥
T =i⇧µ⇥�5, cases, the

correlators in Eq. 1 can be parametrized by the twist-2
tmdPDFs [12]:

nµ⇤µ
V = f1 + Si�?ijkj

1
mN

f?1T

nµ⇤µ
A = ⇥g1 +

k? · S?
mN

g1T

nµ⇤µj
T = �Sjh1 �

�?jiki

mN
h?1

� ⇥kj

mN
h?1L �

(2kjki � k2
?⇥ji)Si

2m2
N

h?1T , (2)

where the distributions f, g, h depend on x and k? and
⇥ is the nucleon helicity. The light-cone vectors n and
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B. Musch, PhD Thesis; Haegler, Musch, 
Negele, Schafer arXiv:0908.1283

Introduce Momentum-space correlators

Choice of path - retain gauge invariance

gauge link operator U

⇤P | q(⇥) �U q(0) |P ⌅ is gauge invariant.

continuum

U ⇥ P exp

�
�ig

⇤ �

0
d�µAµ(�)

⇥

along path from 0 to ⇥

lattice

product of link variables

factorization in SIDIS :
path runs to infinity and back

here (up to now):
straight path

gauge link operator U

⇤P | q(⇥) �U q(0) |P ⌅ is gauge invariant.

continuum

U ⇥ P exp

�
�ig

⇤ �

0
d�µAµ(�)

⇥

along path from 0 to ⇥

lattice

product of link variables

factorization in SIDIS :
path runs to infinity and back

here (up to now):
straight path

SIDIS: path runs to infinity Lattice: equal time slice

gauge link operator U

⇤P | q(⇥) �U q(0) |P ⌅ is gauge invariant.

continuum

U ⇥ P exp

�
�ig

⇤ �

0
d�µAµ(�)

⇥

along path from 0 to ⇥

lattice

product of link variables

factorization in SIDIS :
path runs to infinity and back

here (up to now):
straight path



Worm gears on the lattice
Slide: A. Bacchetta  

P. Hägler, B. U. Musch, J. W. Negele, and A. Schäfer, Europhys. Lett. 88 
(2009) 61001



   Transverse momentum distributions (TMDs) 

Lattice QCD

22

B. Musch et al., Phys.Rev. D85 (2012) 094510; 
M. Engelhardt, Lattice 2014



Gs
M (0) = �0.017(25)(07)

Flavour-separated Hadron Physics
The calculation of nucleon strangeness form factors from Nf = 2+1 clover fermion lattice QCD T. Doi
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Figure 2: The chiral extrapolated results for Gs
M(Q2) (left) and Gs

E(Q2) (right) plotted with solid lines.
Shaded regions represent the error-band with statistical and systematic error added in quadrature. Shown
together are the lattice data (and Q2-extrapolated Gs

M(0)) for κud = 0.13760 (circles), 0.13800 (triangles),
0.13825 (squares) with offset for visibility.

weak quark mass dependence. In either of alternative analyses, we find that the results are consis-
tent with previous ones. While a further clarification with physically light quark mass simulation
and a check on convergence of HBχPT [21] is desirable, we use the dependence of results on differ-
ent extrapolations as systematic uncertainties. Third, we examine the contamination from excited
states. Because our spectroscopy study indicates that the mass of Roper resonance is massive com-
pared to the S11 state on the current lattice [22], the dominant contaminations are (transition) form
factors associated with S11. On this point, we find that such contaminations can be eliminated the-
oretically, making the appropriate substitutions for Γ±e in Eq. (2.2) and {Γ±e , Γ±k } in Eq. (2.3) [11].
It is found that the results from this formulation are basically the same as before, so we conclude
that the contamination regarding the S11 state is negligible.

As remaining sources of systematic error, one might worry that the finite volume artifact could
be substantial considering that the spacial size of the lattice is about (2fm)3. However, we recall
that Sachs radii are found to be quite small, |⟨r2s ⟩E,M| ≪ 0.1fm2, which indicates a small finite
volume artifact. For the discretization error, we conclude that finite (qa) discretization error is
negligible, since the lattice nucleon energy is found to be consistent with the dispersion relation.
As another discretization error, we note that mN (mK) is found to have 6 (8) % error for the current
configurations [14, 23]. Considering the dependence of Gs

E,M on these masses, we estimate that the
discretization errors amount to <∼ 10%, and are much smaller than the statistical errors. Of course,
more quantitative investigations are desirable, and such work is in progress.

To summarize the results of form factors, we obtain Gs
M(0) = −0.017(25)(07), where the

first error is statistical and the second is systematic from uncertainties of the Q2 extrapolation and
chiral extrapolation. We also obtain Λa = 0.58(16)(19) for dipole mass or Λ̃a = 0.34(17)(11)
for monopole mass, and gsE = 0.027(16)(08). These lead to Gs

M(Q2) = −0.015(23), Gs
E(Q2) =

0.0022(19) at Q2 = 0.1GeV2, where error is obtained by quadrature from statistical and systematic
errors. We also obtained, e.g., Gs

M(Q2) = −0.014(21), Gs
E(Q2) = 0.0041(38) at Q2 = 0.22GeV2.

Note that these are consistent with the world averaged data at Q2 = 0.1GeV2 [1, 2, 3] and the
recent measurement at Mainz [24], Gs

M(Q2) = −0.14(11)(11), Gs
E(Q2) = 0.050(38)(19) at Q2 =

0.22GeV2, with an order of magnitude smaller error. In Fig. 2, we plot our results for Gs
M(Q2),

Gs
E(Q2), where the shaded regions correspond to the square-summed error.

5

Doi et al. (ChQCD Collaboration), 
arXiv:0910.2687, PRD79:094502,2009

Uncertainties: statistical, Q2 dependence, chiral extrapolation

Strangeness contribution to 
electric and magnetic form factors.
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Strange-quark contribution to hadron spin

In general, Quark and gluons mix under renormalization

The local operators mix as follows:

QCDSF, arXiv:1112.3354

Small, negative contribution



Complete calculation of flavor-separated and 
gluonic contributions to nucleon spin

Deka et al, arXiv:1312.4816

PRELIMINARY: S. Meinel, Lattice 2014

Flavor-separated and Gluon Contributions 



Parton Distributions in LQCD
Formulation of LQCD in Euclidean space precludes direct calculation of light-cone 
correlation functions 
 → LQCD computes Moments of parton distributions 
New ideas: calculations of QUASI-distributions in infinite-momentum frame

z 

x,y 
 

Large P 

X. Ji, Phys. Rev. Lett. 110, 262002 (2013). 
X. Ji, J. Zhang, and Y. Zhao,  Phys. Rev. Lett. 111, 112002 (2013). 
J. W. Qiu and Y. Q. Ma, arXiv:1404.686.

q̃(x, µ, Pz) =

Z
dz

4⇡
e

�izk ⇥
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���  ̄(z)�zeig
R z
0 Az(z

0)dz0
 (0)

���~P
E

“Equal time” correlator

Detmold, Melnitchouk, Thomas



First lattice calculations of Quasi 
Distributions

! q(x) q̄(x)

…Flavor Structure

H.W. Lin et al, arXiv:1402.1462

smallestx ' 1/a

12 GeV; Future EIC
Violation of Gottfried sum rule

¯
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NN Interactions and Nuclei

28

{ {
(Lattice) QCD

Many-body methods, EFT, GFMC, NCSM..



H-Dibaryon
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Evidence for weakly bound or just unbound dibaryon

Bound state of two (strange) baryons 
uuddss, originally proposed by Jaffe (1977)
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Nuclear Physics from QCD is Possible!

Binding energies at physical 
strange-quark mass



The Structure of Hadrons in Nuclei
• How is the structure of a hadron modified “in medium”? 
• Calculation of magnetic moments of lightest nuclei. 

Experimentally measured values

Differences from naive shell model

NPLQCD, arXiv:1409.3556

m⇡ ' 800 MeV



http://www.usqcd.org/documents/13nuclear.pdf

http://www.usqcd.org/documents/13nuclear.pdf


SUMMARY

!
• Spectrocopy: Calculations of resonances that can confront 

experimental analysis.  Electromagnetic Properties. 
• Structure: Calculations of the fundamental properties at the physical 

quark masses.  GPDs, TMDs, + “Lattice QCD + Expt greater than each 
alone”. 

• An ab initio understanding of the NN interactions - properties of 
hadrons in nuclei 

Amalgam of new ideas, algorithmic advances, and peta- and exa-scale 
computers: lattice QCD essential to fulfill NP mission.

“Person, Moment, Machine”


